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ABSTRACT 
The scattering of elastic waves by three dimensional rough flawa and cracks is analyzed using the 
T-matrix approach. The scattering cross section is obtained for spheroidal cavities with a periodically 
corrugated surface which may be used as a model for flaws with a rough surface. The dependence of the 
scattering cross section on the wavelength of the corrugations is studied as a function of the incident 
wavelength. Cracks are modelled as degenerate oblate spheroids and the scattering cross section is ob-
tained for incident P-waves, Multiple scattering analysis of two cavities is also discussed with some 
numerical results. 
SCATTERING FR0t·1 ROUGH SPHEROIDAL CAVITIES 
The Scattering from rough oblate spheroidal 
cavities is very important since they may be used 
to serve as models for flaws found in structural 
"applications. Theoretical data obtained in such 
analysis are very helpful in experimental verifi-
cation as well as in the inverse problem of scat-
tering. In this respect the T-matrix approach 
is ideal since it is an efficient· computational 
scheme to obtain the frequency spectrum of the 
scattered energy which is the quantity measured in 
experiments. Any symmetry in the shape of the 
scatterer can be used to optimize computer time. 
The computer program can also be written in a very 
general manner so that the number of input para-
meters are minimal and any variations in the shape 
of the flaw can be easily incorporated into the 
program. Thus one could obtain scattering cross 
sections for spheroidal cav.ities with a periodical-
ly corrugated surface. 
Plane monochromatic waves of frequency w are 
incident on a spheroidal cavity. The axis of 
revolution of the cavity is taken as the z-axis and 
a Cartesian coordinate system is defined in the 
usual way. The dimensions of the spheroid are 
taken to be '2b' along the z-axis and '?.a' in the 
x-y plane (see Fig. 1). In spherical polar 
coordinates r, e, ~. the equation to the surface 
of the spheroid is given by 
r(e.~) =cos e + sin e ~ 2 2 ) -1/2 b2 a2 
A detailed description of T-matrix calculations 
for a spheroidal cavity is given in Ref. 1. 
Detailed results have also been presented in the 
( 1 ) 
1978 ARPA/ARML Review on QNDE2. For a comprehen-
sive report of the T-matrix approach, we refer to 
the book edited by the investigators. 3 
We now perturb the surface of the spheroidal 
cavity by a periodic corrugation in the x-z plane, 
so that the equation to the surface is now given 
by 
=(cos2e + sin2e )-1/2 
r(s,¢) 2 2 b a + 5 cos~e (2) 
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The parameters 5 and t describe the degree of 
roughness of the spheroidal cavity. Equa~ion (2) 
has the same symmetry properties as the spheroidal 
cavity if ~ is chosen properly, say, ~=4n, 
n= 0,1,2 .... If this is so done, then the 0-11atrix 
and hence the T-matrix has the same symmetry pro-
perties as well. This symmetry could be destroyed 
by multiplying the second term in Eq. (2) by a 
function of~· This will .significa~tly complicate 
the numerical computations since an additional 
numerical integration on ~ will have to be per-
formed to generate the Q-matrix elements. In this 
problem, t~o parameters of interest are 5/a which 
is the ratio of the amplitude of roughness to size 
of the spheroidal cavity and the ratio of Ar, 
see Fig. 1, to the wavelength of the incident wave. 
Ar is, of course, inversely proportional to L 
Using Eq. (2), scattering cross sections were 
obtained for compressional waves incident along 
the axis of revol uation for several different 
angles of observation. Sample results are pre-
sented below as a function of the non-dimensional 
wave number k a. For purposes of comparison the 
scattering crgss section of a smooth spheroidal 
cavity is also included. The ratio of wave speeds 
in the host material is taken as 2.0. Two sets 
of parameters ( 5, ~)are presented in the graphs, 
although many other values were also tried. 
In Figs. 2-6, e is the angl~ of ribservation 
in the x-z plane, the differential scattering 
cross section is plotted as a function of kr.a. 
The notation P-P is used 'for scattering of 1ncident 
compressional waves to compressional waves and 
P-S denotes mode converted scattering. In the 
plots for rough cavities 5/a is taken to be 0.05. 
This parameter describes the relative heights of 
the corrugations with respect to the axis of the 
smooth spheroid. The aspect ratio of the spheroid 
is taken to be b/a = 0.8, so that it is oblate. 
The second parameter that we can vary is the 
integer·~· that gives the number of lobes. The 
graphs show the scattering cross section for two 
values of~; ~ =· 16 and~= 64 in the range of 
02_82_'1T/2. 
From the present calculation we conclude the 
following. (l) if 5/a < 0.05, then the scattering 
cross section is not too different from that for 
a smooth cavity for 0 <kr;a < 3.0 at higher wave 
numbers, it may be possible-to observe significant 
differences. ( 2) For o /a < 0. 05, the sea tteri ng 
cross section changes dramatically as we vary 
the parameter Q. for a given o /a. If the number 
of lobes is very large, for example, 2 = 64, the 
scattering cross section for smooth and rough 
cavities agree more or less. But if 2 decreases 
as o/a is increased, then the scattering cross 
section is markedly different, as can be seen 
from the plots for 2 = 16. 
We conclude that if 2 is large, on the average 
the scattered waves are not too affected by the 
roughness. Numerical results become quite un-
stable, however, if 6/a ~0.05 and 2 is decreased. 
So that the conclusions for large o/a and small 
2 can be qualitative. If o/a <0.05, "Ar/"Awave 
< 0.1 and for the range of kpa =0.1 to 3.0, then 
we find that there is no significant difference 
between scattering from smooth and rough spheroids. 
The range we have considered corresponds to experi-
ments in the MHz range with flaw size of the order 
of 300~. At these frequencies, we expect to have 
no resonance effects associated with the periodi-
city of the roughness. However, for higher wave 
numbers, it may be possible to observe some 
significant difference. The accuracy of the 
calculation was checked at each stage by verifying 
the symmetry and unitary properties of the scatter-
ing matrix. The results presented here should be 
checked by experiments. To obtain more noticeable 
effects, i.e., for longer values of the roughness 
parameters, other alternative methods such as 
finite elements may be tried. The investigators 
are pursuing along these lines as well. 
SCATTERING OF ELASTIC WAVES BY CRACKS 
Last year we began to investigate whether the 
T-matrix method is suitable for calculating the 
scattering cross section of cracks in two dimen-
sions. Cracks are modelled as rlegernate ellipses 
in two dimentions and three dimensional penny 
shaped cracks are realized by collapsing oblate 
spheroids into circular discs. Last year we 
derived systematic closed form expansions of the 
T-matrix in powers of the non-dimensional wave 
number 'ka' for arbitrary aspect ratio b/a. The 
expressions obtained for the far field scattered 
amplitude agree with exact analytical results.~ 
On taking the limit of zero aspect ratio (b/a + 0), 
exact agreement was obtained for both strips 
and circular discs with published results. With 
existing computer programs for elliptic cylinders 
of finite aspect ratio, calculations for P- and 
SV- wave scattering forb/a = 0.08- 0.1 show 
close agreement with numerical results obtained 
by Tans for special scattering geometries. 
The penny shaped crack is considered as the 
limiting case of an oblate spheroid and we are 
interested in obtaining results for kpa < 3.0 to 
complement the work of Achenback, et al . 6 who are 
using Geometrical Theory of Diffraction (GTD). We 
derived systematic closed form expansions of the 
T-matrix in powers of the non-dimension1l wave 
number kpa for arbitrary aspect ratio b/a. On 
taking the limit of zero aspect ratio, exact 
agreement ~/as obtained for penny-shaped cracks with 
the results published in the literature. 7 
Two different approaches were tried to adapt 
the T-matrix method to study penny-shaped cracks 
in eleastic materials: (1) using the regular 
T-matrix program for a spheroidal cavity for very 
small values of b/a = 0.05 testing symmetry, 
unitary properties at all values of kpa to check 
for numerical stability (2) using special 
representations for the unknown displacement field 
on the surface of the crack that incorporates the 
condition of zero crack opening displacement at 
the crack edge (see, for example, Achenbach 8 ). 
A sample calculation is shown in this 
report for SH-waves for comparing this approach 
with that of (1). A similar approach for 3-D 
problems was done and for the reasons described 
below we do not see any additional advantage over 
the procedure presented in step 1. The representa-
tion should be such that it renders the Q-matrix 
symmetric so that the matrix is well conditioned 
for inversion. This version is tested for small 
values of b/a. The results agree with those 
obtained by step 1. For an actual crack, one takes 
b/a + 0 before numerical computations are performed. 
We find that the result of steps 1 and 2 are not 
different, hence we prefer to use the technique 
that is more efficient, convenient and economical. 
The biggest advantage of using the regular computer 
programs for the oblate spheroidal cavity taking 
an aspect ratio b/a = 0.05 is that we can use a 
well tested program and there is no need to develop· 
any new algorithms. 
The essential differences between the formu-
lation for ellipses of finite aspect ratio and 
strips that have aspect ratio identically zero is 
the way in which we expand the unknown anti-plane 
displacement field w+ on the surface of the flaw on 
which stresses are prescribed to be zero. For 
cracks there is an additional _re~uirement that the 
displacement vanishes as il-xz;a at the crack tip 
where the x-axis is parallel to the crack and 2a 
is the width of the crack. This is not necessary 
for the ellipse of finite aspect ratio. 
We choose cylindrir.al basis functions to expand 
the incident (W6) and Scattered (WS) and surface 
(w+) fields. W and W are expanded in the usual 
way. 
2 
w0(r,e) = l: l: a a Recpg (r,e) 
n=O a=l n 
(3) 
2 
s ) = l: l: fgcpn{r,e) W ( r. 
n=O a=l 
(4) 
where 
cos ne; a 
~---
""n 
sin ne a 2 
(5) 
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In Eq. 5, Hn and Jn are cylindrical HankeT and 
Bessel functions and e:n is the Neumann factor. For 
a plane monochromatic wave frequency w (wave num-
ber k = w/c incident at an angle e0 to the x-axis, 
{6) 
and hence 
,- .n 
"e:n 1 cos neo (7} 
a2 = ;z-· in sin ne0 n n (8) 
For an ellipse of major and minor axes 2a and 2b, 
the equation to surface is given by 
r(e) = (cos 2e 
a2 
sin 2e)-l/2 +--
b 
(9) 
In the usual formulation of the T-matrix, we obtain 
the following relations between a~ and fg 
(10) 
(11) 
The elements of matrix Q in Eq. 11 are giv,en 
by integrals on the surface of the cavity. The' 
integrand of Qm involves H and Jn· It is seen 
that if m < n, £he integran~ will involve negative 
powers of r(e) which do not cause any difficulty 
for the ellipse of finite aspect ratio. However, 
for the crack r(e) -+- I xi and the integration on x 
is from 0 ..::_ x __:: 2a. Thus terms involving inverse 
powers of x are apparently singular if the limit 
b/a-+- 0 is taken before integrating. The sing,ular-
ity is only apparent since we can show that these 
apparent singularities are not present if the 
integration is performed first and then the 1 imit 
taken. Thus it is advisable to construct a. 
Q-matrix that is perfectly synrnetric for ellipses 
of arbitrary aspect ratio b/a, so that if b/a = 0, 
we need evaluate numerically only matrix elements 
above the diagonal. 
In addition to make w+-+- 0 at the ctack tip, 
we choose 
He note that 
.e.im 
b/a-+-0 
(ar;ae) _,_ ~,if:"~ 
r b ( 13) 
In addition Eq. 12 renders 
symmetric and for cracks 
a 
022= mn~(ll-x 2 /a 2 mn b )_ k2x2 
-a 
the Q-matrix perfectly 
H (kfxf)J (kfxf)dx m n 
(14) 
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and 
qll = ql2 = q21 = 0 
mm mm mn (15) 
The only troublesome integral in Eq. 14 occurs 
in the diagonal elements. The integration in 
Eq. 14 is performed by expanding Hm and Jn in 
powers of kfxf which reduces the integrals to 
standard form and tile result can be written as an 
infinite sum truncated at a suitable value. !low-
ever when m = n, the leading term in Hm Jn is 
(kx)O which results in the following singular 
integra 1 
The corresponding integral for the ellipse of 
finite aspect ratio is of the form 
1 
0 
[ ar;aer 1 cos2m e de 
-rrerj r 2 (e) 
(16) 
(17) 
On evaluating the integral in Eq. 17 exactly and 
then taking the limit of b/a-+- 0, we find 
a 
f IJ;:XzjT ----- dx- -71 
-a x2 2 
omn (lB) 
Using this value of the integral when m = n, the 
Q- and T-matrix for the crack·can be calculated 
in the usual manner. 
Graphs of the scattering~ross section are 
presented as a function of ka for eo = 45°, 90°. 
ror e0 = 0, there is no scattering since the incident wave does not feel the presence of the 
crack. The results plotted in Figs. 7-9 are in 
excellent agreement with existing results obtain-
ed using t~athieu functions (11). These results 
were also checked with calculations forb/a= 0.05 
and for the wavelengths considered, there is no 
difference between the results forb/a = 0.05 
and b/a = 0. 
In Figs. 10-15, the results for a penny 
shaped crack are shown. Figures 10 and 11 are 
polar plots of the scattered far field amplitude 
for P-waves incirlent along the symmetry axis. 
The plots compare very well with those obtained 
by Mal (7). The symbol P-S denotes the scattered 
S-wave amplitude for incident P-waves. In 
Figs. 12-15, the scattering cross section is pre-
s en ted as a function of kpa for P-waves incident 
along the symmetry axis for various angles of 
observation denoted by e. For the range of 
wavelengths considered, for a crack of radius 
'a', o < k a < 2.0, only one maximum can be 
observed in the cross section. It is hoped that 
these results will compliment those obtained by 
Achenbach and coworkers using GTD at higher values 
of kpa. 
T-WITRIX FOR~1ULATION FOR THO SCATTERERS 
Consider two scatterers described by the su~­
faces s1 and s2 with outward dra~n normals n1 
and n2 (See Fig. 16). 01 and 02 are the origins 
of the coordinate systems centered in S1 and s2, 
respectively, and 0 is the origin of the..,.coordl-
~ate system exterior to S1 and S2. Let d1 and d2 be the vee tors drawn from 0 to 01 and 0 to 02 
respectively. At any point t with respect to ' 
0, the total field u is given by 
(19) 
where us is the total scattered field at r and uo 
is the incident field. The scattered field us 
can be represented as 
4 s + -+s -+ -+ +s + + 
u {r) = u1 (r1+d1) + u2(r2 + d2) (20) 
where r1 and r 2 are the vectors drawn from 01 to 02 to tne point under consideration and u1 and ~ 
are the fields scattered from S1 and S2, respec-
tively. 
A 11 the fie 1 ds can be expanded in vector 
spherical functions with respect to the various 
coordinate systems. The vector functions and 
coefficients defined with respect to 01 and 02 
are distinguished by superscripts 1 and 2, 
respectively. l~e use the following abbreviation 
for the vector spherical functions 
(21) 
where ' = 1 ,2 ,3 are same as the t. !1" and N func-
tions defined by Morese and Feshbach (9). If a 
qualifier Re is used with the wavefuncti.on, we 
use spherical Bessel functions instead of spheri-
cal Hankel functions. 
Translation theorems have been given by 
Cruzan (10) to translate the wavefunctions from 
one coordinate system to another. Thus, 
"' .... +1 -+ 
'-' R (d1) Rel)J,~n~(rl) ,~n' -rn,-r 'n' 
(22) 
-+ + 1 0 La , Ja1)Rel)J, Jr1); 
-r'n' -rn,-r n -r n 
(23) 
"$,n(rl + 'dl) 
l<l1 1 < lr1l 
L: .... 1 .... R n ~n_{al )~ 'n~(rl); T ,..n ... T t T T 
ldll < 1;11 (24) 
The translation matrices have the following pro-
perties 
+ + 
R(d) = Rea(d) 
Rt{"a) = R(-d) 
(25) 
(26) 
Explicit express ions f~r R and a may be found in 
a convenient form in a report by Bostrom (11). 
The matrix elements are given in terms of the 
spherical Bessel and Hankel functions, the 
associated Legendre polynomials and the Wigner 
3-j symbols. 
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The scattered fields are expanded as follows 
{27) 
(28) 
where the field scattered by each obstacle is 
assumed to be outgoing with respect to the center 
of that obstacle. 
The exciting field or the field incident on a 
particular scatterer is the incident field IT0 
plus the field scattered by the remaining scatter-
er. Thus 
~f(;) =;a(;) + ;~(;2 ); 0~1;1~ 2al (29) 
+e+ +D+ ..,.s..,. + 
u2(r) = u (r) + u1 (r2); 0~1 rl.::_2a 2 (30) 
where al and a2 are the radii of the spheres cir-
cumscriuing the two scatterers. The exciting 
fields are expanded in t~rms of coefficients 
that are unknown since ul and u~ are undeter-
mined as yet. 
Similarly, the incident field u0 in the 
vicinity of each scatterer can be expanded as 
(31) 
( 32) 
~0 (;) = L a~~Re~:n(-;:1 ) = I:a~~Re~n(;2 ){33) 
' -rn 
From Eqs. {27) - (32), we obtain the followiny 
relation between the expansion coefficients 
(34) 
-rn -rn 
(35) 
Further, from the definition of the T-matrix for 
each scatterer 
fl 
=2: 1 1 (36) 
-rn T,n,-r'n~a,,n~ 
,~n' 
f2 =I: 2 2 (37) n -r'n~ T,n,-r ~n~a,-n~ 
Using the translat~on..,.theorems and imposing the 
r~StJ;.iction..,.that ld1-d2 l > lr1 1 in Eq. (34) and 
1
d,-d2 1 > lr21 in Eq. (35), we obtain from Eqs. 33)-\37) in matrix notation 
Tl[aol (+ + 0 d2 (38) 
2 
f 2[ o2 T a + o( d1 ( 39) 
Similarl~. the incident field ~0 and total 
scattered field us can be expanded with respect to 
to the origin at 0 and again using translation 
theorems, we obtain 
f = R(d1)f
1 
+ R(d2)f
2 (40) 
aol + 0 = R(-d1 )a (41) 
o2 + 0 (42) a = R(-d2)a 
From Eqs. (38), (39), (41), and (42), we obtain 
f1 = T1Jl-o(drd1)T2o(d1-d2)T1r1 
)R(-dl) - o(d2-dl) T2 R(-d~~a0 (43) 
and 
2 2( 1 2 ,-1 f = T I l-o(d1-d2)T o(d2-d1)T 
1 
... .... .... 1 .... I R(-d2) -o(dl-d2) T R(-dl) a0 (44) 
The T-matrix of the two scatterer configuration 
is the matrix that relates f to a0 in the form 
(45) 
where T12 is the combined T-matrix. Substituting 
for fl and f2 in Eq. (40), we see that 
12 + ll + .... 2 1/-1 T = R(dl) T l-o(d2-d1 )T o(d1-d2)T \ 
l .... .... .... 2 .... I R(-d1-o(d2-dl )T R(-d2)\ 
(46) 
+ .•• 
where the second term in T12 is obtained by 
interchanging superscripts and subscripts 1 and 
2. 
The formalism given here is different from 
the one given by Peterson and Strom (12) for 
electromagnetic scattering and is similar to the 
multiple scattering formalism for an ensemble 
of scatterers proposed by the authors (13, 14). 
We further note that the nature of the scatterer 
is yet unrestricted except for weak restrictions 
on the geometry of the configurations. The 
scatterers could be cavities, solid inclusions, 
fluid inclusions or any combination. 
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SUMMARY DISCUSSION 
(V, V. Varadan) 
Laszlo Adler (University of Tennessee)z For the spherical cases where you looked at 
surface roughness, did you work out the problem for the P2S scattering also? 
V. Varadans P2S? Yes. I didn't show that--
Laszlo Adlera A bigger variation? 
V. Varadans Yes, there is a variation. I can show you one thing. For example, if I 
plot the cross section as a function of the number of nodes, for example. In 
that case, if I go 16 lobes from zero to PI over 2, in this case, from here to 
there, 16 lobes. and go more than that, I don't see any variation at all in the 
crack cross section because of roughness. But where P2S is a little higher than 
that, there is no resonance associated with that, you take just the number of 
lobes. For example, if you take the number of lobes below 16, and using a 
ferrometer solution, probably you may be able to get some information which we 
are talking on. So, at this moment I can't tell you about what would happen with 
P2S scattering where the lobes are less than 16. But when the lobes are more 
than 16 there is no difference in the smooth and the rough surface. 
# # 
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